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Abstract-Traditionally, many researchers solved the multicommodity maximum flow problem 
by assuming that the arcs of the flow network are deterministic. When the arcs are stochastic (i.e., 
the capacity of each arc has several values), this article studies how to calculate the probability that a 
capacitated-flow network with a unique source node satisfies a demand (d’, d2,. , dp) at the unique 
sink node, where dk is the demand of commodity Ic. Such a probability is named the multicommodity 
reliability and is dependent on capacities of arcs. One solution procedure is proposed to evaluate the 
multicommodity reliability, which includes two parts: an algorithm to generate all (dl, d2,. , dP)- 
MPs and a method to calculate the multicommodity reliability in terms of (dl, d2,. , dP)-MPs. Two 
illustrative examples are given. @ 2001 Elsevier Science Ltd. All rights reserved. 
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NOTATION AND NOMENCLATURE 
Minimal path path whose proper subsets cannot X 
be paths 
Minimal cut cut whose proper subsets will not 
be cuts P 
s; t the unique source node; the unique cy,” 
sink node 
G 
n;m 
Ci 
G = (N, A) is a (probabilistic) 
capacitated-flow network with s 
and t where N and A = {ai 1 1 5 
i 5 n} denote the sets of nodes and 
arcs, respectively 
number of arcs in G; number of 
minimal paths of G from s to t 
(integer) the maximal capacity 
of ai 
p3 
dk 
H” 
F 
(2r,22, , zn): a capacity vector 
where zi E (0, 1,2,. ,Ci} is the 
current capacity of ai 
number of types of commodity 
(real number) the consumed 
capacity on ai per commodity k 
(k = 1,2,. ,p) 
jth minimal path (j = 1,2,. . , m) 
the demand of commodity k at t 
the flow of commodity k from s 
to t 
(f:,X,...,fit,,fl,f22r...,f~r..., 
ff, jl,. , fg): a flow vector 
where ft denotes the flow (integer- 
value) of commodity k through Pj, 
C,“=, f; = Hk 
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1x1 the greatest integer such that Y I X bl,YZ,..., Yn) 5 (m,x2,...,xn) 
1x1 I x iff2/i<xiforeachi=1,2,...,n 
TX1 the smallest integer such that Y<X bl>Y2,..., Yn) < h,r2,...,ln) 
TX1 >_ 2 iff Y 5 X and yi < xi for at least 
one i 
1. INTRODUCTION 
Traditionally, under the condition that the capacity of each arc of a capacitated-flow network 
is deterministic, many researchers [l-7] solved the multicommodity maximum flow (MMF) prob- 
lem by finding a flow pattern (H1, H2,. . . , HP) which maximizes Ci=r H” with arc-capacity 
constraints. Another similar problem is when the demand (8, d2, . . . , rip) at t is given, whether 
there exists a flow pattern (H1,H2,. . . ,HP) such that (H1, H2,. . . , HP) 2 (8, d2,. . . ,dP). 
However, the capacity of each arc is stochastic in many real capacitated-flow networks such as 
computer systems, telecommunication systems, urban traffic systems, logistics systems, etc. For 
instance, a telecommunication system can be treated as a capacitated-flow network in which nodes 
represent cities (or switches) and an arc represents a transmission line. Virtually each transmis- 
sion line is combined with several physical lines. Each physical line has only successful/failed 
states. That implies that a transmission line has several states (state k means k physical lines 
are successful). Hence, the capacity of each arc has several values and thus is called stochastic. 
Different than MMF problems, given the demand (dl, d2, . . . , dp) at sink t, this paper is mainly 
to propose a procedure to evaluate the probability that (H1, H2,. . . , HP) 1 (d’, d2,. . . , dp). Such 
a probability is called the multicommodity reliability in this article. An algorithm is proposed first 
tofindall(d1,d2,... , dP)-MPs in terms of minimal paths (MPs). The multicommodity reliability 
can then be calculated in terms of such (d’, d2 , . . . , dP)-MPs by applying the inclusion-exclusion 
method. Two numerical examples are given to illustrate the proposed procedure. 
Assumptions 
(1) 
(2) 
(3) 
(4 
(5) 
All types of commodities are transmitted from s to t. 
Each node is perfectly reliable. 
The capacity of each arc is stochastic with a given probability distribution. 
The capacities of different arcs are statistically independent. 
Flow of each type commodity must satisfy the so-called conservation law [2]. 
2. PROBLEM FORMULATION 
Under the capacity vector X, the amount of commodities k transmitted through ai is bounded 
by Lzi/c$]; thus, F = (f,‘,f:,...,f~,f:,X,...,f~,...,flP,fZP, . . . , f&) satisfies constraints (0) 
and (1). 
fj” 5 min 
%EPj 
Vj=l,2,..., m and k=1,2 ,..., p, (0) 
QJi=1,2 ,..., n. (I) 
Note that CaiEPj ft is the flow of commodity k through ai, CaiEPj c$.$ is the consumed 
capacity on ai by commodity k and C”,_, CaiePj otft is the total consumed capacity on ai 
under F. It is obvious that it is not necessary for xi=, xaiEP, c$ff to be an integer. In fact, 
constraint (0) is surplus (see Lemma 1). 
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LEMMA 1. Any vector F which satisfies constraint (1) also satisfies constraint (0). 
For convenience, let PX denote the totality of F satisfying constraint (1). Similarly, PC is the 
set, of F satisfying constraint (2). 
i 1 2 Ca:ft <Ci, Vi=1,2 ,..., 72. (2) k=l aiEPj 
A capacity vector X is said to satisfy the demand (d' , d2, . . . , dp) if and only if there exists a flow 
vector F E PX which satisfies the demand (d’, d2,. . . , dp); i.e., 
j=l 
vlc = 1,2 (...) p. (3) 
For convenience, let R s {X 1 X satisfies the demand (d1,d2, . . . , dp)} and R,i, = {X 1 X is 
minimal w.r.t. < in a}. For each X E fimin, any capacity vector Y such that Y < X cannot 
satisfy the demand (d’, d2,. . . , dp). Each X E 0min is called a (d’, d2,. . . , dp)-MP in this paper. 
The multicommodity reliability Rd1 ,d2 ,..., dP is defined as the probability that, the system satisfies 
the demand (d’, d2,. . . , dp). That is, 
Rdl,dz ,..., dP = Pr{R} = Pr {Y E fl 1 Y 2 X for a (d’,d2,. . . ,dp) -MP X} . 
In order to evaluate Rdl,dZ,.,,,dp, astraightforward method is to generate all (dl, d2,. . . , dp)-MPs 
first. 
2.1. Generate All (d’, d2,. . . ,dp)-MPs 
The statement of (3) can be restated in the following lemma. 
LEMMA 2. X E Cl if and only if there exists a flow vector F E Px which satisfies 
j=l 
Vk=1,2 ,..., p. 
Given any flow vector F which satisfies (4), let 2~ = (~1, ~2,. . . , zn) where 
Vi=1,2 ,..., n. 
(4) 
It is obvious that Zi E {0,1,2,. . . , Ci} for each i, and so ZF is a capacity vector. An important 
property for (d’, d2,. . . , dP)-MPs is shown as follows. 
LEMMA 3. Let X be a (d’, d2,. . . , dP)-MP_ Then, X = ZF for any F E Px which satisfies (4). 
Let p = {ZF ( the flow vector F satisfies (4)) and Pmin z {X ( X is minimal w.r.t. 5 in p}. 
Lemma 3 implies that p > s2,in; i.e., p contains all (dl, d2,. . . , dP)-MPs. Lemma 4 further shows 
that the set of (d’, d2,. . . , dP)-MPs is obtained by removing those nonminimal ones in p. 
LEMMA 4. Pmin = f&nine 
The flow chart to search all (dl, d2, . . . , dP)-MPs is shown in Figure 1. 
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I List all MPs I 
Generate allF=(f,l,fi,..., fl ,fi2,ft,...,fi,...,fip,fZp,...,fL ) 
such that 5 fj" = dk Vk 
j=l 
Xis not a (d’,dZ,...,dP)-MP 
Figure 1. The procedure to search all (d’, d2, . . , dP)- MPs. 
3. SOLUTION PROCEDURE 
3.1. Algorithm to Generate All (&, d2,. . . , dP)-MPs 
Given the demand (8, d2,. . . , 8’) at t, the algorithm to generate all (d1,d2, . . . , dp)-MPs is 
shown in the following steps. 
STEP 1. List all MPs in G. 
STEP 2. Obtain all feasible solutions F = (f,‘, fi, . . . , f;, fl, fi, . . . , f$, . . . , f?, fl, . . . , fg) of 
constraints (2) and (4) by applying the implicit enumeration method. 
STEP 3. (To obtain p.) Transform all solutions F in Step 2 into X = (~1~x2,. . ,xn) according 
to (5). 
STEP 4. Suppose p = {X1, X2,. . . , X9). Check each X E p whether it is a (d’, d2,. . . , dp)-MP 
or not 
(4.1) 
(4.2) 
(4.3) 
(4.4) 
(4.5) 
(4.6) 
(4.7) 
(4.8) 
as follows. 
1 = $. (I is the stack which stores the index of each non-(&, d2,. . . , dp)-MP after checking. 
Initially, I = 4.) 
, 
For i = 1 to q - 1 with i $ I. 
For j = i + 1 to q with j $! I. 
If Xi < Xi, then Xi is not a (8, d2,. . . , dp)-MP, I = I u {i} and go to Step (4.7). ElseIf 
Xi > Xi, then Xi is not a (d’, d2,. . . , dp)-MP and 1= I U {j}. 
j+--j+l. 
Xi is a (d’, d2,. . . ,dp)-MP. 
iti+l. 
END 
3.2. Evaluate the Multicommodity Reliability 
Suppose that there are T (d1,d2,. . . ,dp)-MPs: X1,X2,. . . ,X’. Let, Bi E {Y E il 1 Y 2 Xi} 
for i = 1,2 ,..., T. Then, 
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Rd’,d2,...,dp = Pr U {YERIYLX} =Pr{B,lJB,u...uB,}. 
all (d’,dZ,...,dP)-MP X 
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Hence, the multicommodity reliability can be calculated by applying the inclusion-exclusion 
method [Sll]. Note that Pr{Y 2 X} = Pr{yl 2 21) x Pr{yz 2 ~2) x ... x Pr{y, 1 z,} 
by Assumption 4. 
4. NUMERICAL EXAMPLES 
Two numerical examples are presented to illustrate the proposed procedure. 
4.1. Example 1 
The network and its arc-data are given in Figure 2 and Table 1, respectively. In this example, 
p=2,n=4 and (Cr,C2, C3, Ca) = (2,3,3,2). All (d1,d2)-MPs for (dl, d2) = (2,2) and the 
multicommodity reliability R2,2 can be derived as follows. 
STEP 1. There are four MPs: Pi = {ur,os}, PZ = {ur,~}, P3 = {u2, 03}, P2 = {u2,04}. 
STEP 2. Generate all flow vectors F = (f,’ , f,j, fi, fi, ff , fi, f$, f:) of the following integer- 
programming by applying the implicit enumeration method: 
-- 
a2 a- 
Figure 2. A simple network for Example 1. 
Table 1. The arc data of Example 1. 
Arc Capacity Probability a: az 
0 0.05 
al 1 0.10 1 1 
2 0.85 
0 0.05 
1 0.10 
a2 1 1.5 
a4 1 
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Thirteen feasible Fs are obtained: (O,O, 1, l,O, 2,0,0), (O,O, 1, 1, 1, l,O, 0), (O,O, 2,0,0,2,0,0), 
(O,l,l,O,O,l,O,l), (OF17 l,O,O,l,l,O)~ (O,l,l,O,l~O~O,l)~ (llO,O, l,O,l,O,l), (l,O,O,l,O,l,l,O), 
(1,0,0,1,1,0,0,1), (l,O,l,O,O,l,O,l), (1,1,0,0,0,0~0,2), (l,l,O,O,O,O,l,l), (2,0,0,0,0,0,0,2). 
STEP 3. (To obtain p.) Transform all feasible Fs into Xs according to the following equation: 
Six different Xs are obtained: X1 = (2,2,1,2), X2 = (2,2,3,2), X3 = (2,2,2, l), X4 = (2,3,1,2), 
x5 = (2,3,3,2), xs = (2,3,2,1). 
STEP 4. Check each Xi E p whether it is a (2,2)-MP. 
(4.1) I = 4. 
(4.2) i = 1. 
(4.3) j = 2. 
(4.4) X2 # X’ but X2 > X1. 1= 1 u (2) = (2). 
(4.3) j = 3. 
(4.4) X3 # X1 and X3 2 X1. I = (2). 
(4.3) j = 4. 
(4.4) X4 # X1 but X4 > X1. I = {2,4}. 
(4.6) X1 is a (2,2)-MP. 
(4.8) END. 
The result of Step 4 is listed in Table 2. 
Table 2. The result of Step 4 for Example 1. 
All X in p Is a (2,2)-MP? 
x’ = (2,2,1,2) 
x2 = (2,2,3,2) 
x3 = (2,2,2,1) 
x4 = (2,3,1,2) 
x5 = (2,3,3,2) 
xs = (2,3,2,1) 
Yes 
No 
Yes 
No 
No 
No 
p has six elements, but only two are (2,2)-MPs. In order to calculate the multicommodity 
reliability Rs,s, let Bi = {X 1 X > (2,2,1,2)} and Bs = {X 1 X L (2,2,2,1)}. Then, R2,s = 
Pr{Bi U Bs} = Pr{Bi} + Pr(B2) - Pr{Bi n B2) = Pr{X 1 X > (2,2,1,2)} + Pr{X 1 X 2 
(2,2,2,1)} - Pr{X ( X > (2,2,2,2)} = (0.85 x 0.85 x 0.95 x 0.8) + (0.85 x 0.85 x 0.9 x 0.95) - 
(0.85 x 0.85 x 0.9 x 0.8) = 0.64466375. 
Study on the Multicommodity Reliability 261 
Figure 3. The bridge network. 
Table 3. The arc data of Example 2. 
0 0.10 
1 0.15 
a4 1 
2 0.25 
3 0.50 
a5 
0 0.10 
1 0.10 
1 
2 0.15 
3 0.65 
0 0.05 
1 0.05 
a6 2 0.10 1 
3 0.15 
4 0.65 
2 
- 
1.5 
- 
1 
0.5 
1.5 
2 
1 
- 
2 
- 
1.5 
2 
1 
0.5 
4.2. Example 2 
The network and its arc-data are given in Figure 3 and Table 3, respectively. In this example, 
n = 6, (Cl, CZ, C’s, Cd, C’S, Cs) = (4,3,3,3,3,4), and (d1,d2,d3) = (2,2,1). 
STEP 1. There are four MPs: PI = {q,u2}, PZ = {01,03,u~}, P3 = {u5,a4,a2}, P4 = {~E.,cQ). 
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STEP 2. Generate all F = (f,‘, fi, fi, fi, fz, f:, f:, fi, .I$‘, f$, fi, f:) of the following constraints: 
22feasibleFsareobtained: (0,0,0,2,1,1,0,0),(0,0,0,2,2,0,0,0),(0,0,1,1,1,1,0,0), (0,0,2,0, 
0,2,&O), (0,1,0,1,0,1,1,0), (0,1,0,1,1,0,0,1), (0,1,0~1,170,1,0), (O,l,l,O,O,l,l,O), (O,l,l,O, 
l,O,O,l), (0,2,0,0,0,0,1,1), (0,2>0,0~0,0,2,0), (0~2~0~0~0~1>1~0)~ (0~2~0,0,1,0~0,1), (0,2,0,0, 
1, 0, 1, O), (l,O,O, l,O, 171, O), (1,090, 1, 170, 0, l), (17 0, 170, 0, 170, l), (1717 O,O,O, 0, 171) (1, 1, 0, 0, 
O,l,l,O), (l,l,O,O,l,O,O,l), (2,0>0,0,0,0,0,2), (2,0,0~0,0,1,0,1). 
STEP 3. Transform all Fs into Xs according to the following equation: 
Twenty different Xs are obtained: 
x1 = (4,2,1,0,2,4), x2 = (4,3,0,0,2,2), x3 = (4,3,1,1,2,3), 
x4 = (4,2,2,2,2,4), x5 = (3,2,1,1,3,4), x6 = (3,2,1,0,3,4), 
X7 = (3,3,1,1,3,2), X8 = (3,3,2,2,3,3), x9 = (3,3,1,1,3,3), 
X1’ = (2,2,2,1,3,4), xl1 = (2,3,2,1,3,2), xl2 = (4,2,3,1,3,4), 
xl3 = (4,2,2,0,2,4), xl4 = (4,3,2,1,2,2), xl5 = (3,3,0,0,3,3), 
Xl6 = (3,2,1,1,3,4), xl7 = (2,3,1,1,3,3), xl8 = (4,3,2,1,2,3), 
xl9 = (4,3,1,0,2,3), x20 = (2,2,0,0,3,4). 
STEP 4. The result is listed in Table 4. 
Hence, p has 20 elements, but only seven are (2,2,1)-MPs. Let 
& = {X I X > (4,2,1,0,2,4)}, B2 = {X I x 1 (4,3,0,0,2,2)), 
B3 = {X I X 2 (3,3,1,1,3,2)}, B4 = {X I X 2 C&3,2,1,3,2)1, 
B5 = {X I x 2 (3,3,0,0,3,3)), B6 = {X I x L c43,1,1,3,3)), 
B7 = {X I X 2 (2,‘& 0,0,3,4)}. 
Then, Rs,s,r = Pr{U~=r Bi} = 0.436168 by the inclusion-exclusion method. 
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Table 4. The result of Step 4 for Example 2. 
x16 = (3,2,1,1,3,4) No 
x’7 = (2 1 3 , 1 , 1 9 3 9 3) Yes 
xl* = (4,3,2,1,2,3) No 
x19 = (4 7 3 1 1 7 0 > 2 ? 3) No 
X20 = (2,3,0,0,3,4) Yes 
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5. CONCLUSIONS 
For a capacitated-flow network in which each arc has several capacities, this paper evaluates the 
probability (i.e., multicommodity reliability) that the system meets the demand (dl, d2, . . . , 8’) 
at sink node. We propose an algorithm to generate all (8, d2,. . . , dp)-MPs in terms of minimal 
paths. A (dl, d2,. . . , dp)-MP is a minimal capacity vector in those ones which meet the demand. 
The multicommodity reliability can then be calculated in terms of such (d’, d2,. . . , dP)-MPs 
by applying the inclusion-exclusion method. From the point of view of quality management, 
the multicommodity reliability can be treated as a performance index for computer systems, 
telecommunications systems, urban traffic systems, etc. 
APPENDIX 
PROOF OF LEMMA 1. Constraint (1) implies that c$$ 5 xi for each ai E Pj and each k. Hence, 
f.J 5 Lxilo:“] f or each ai E Pj. This is constraint (0). I 
PROOF OF LEMMA 2. If there exists an F E Px which satisfies (4), then X surely satisfies the 
demand (dl, d2, . . . , dp). Conversely, suppose X satisfies the demand (d’, d2,. . . , dp); i.e., there 
exists an F = (fj,x,. . . , f&,ff,fi,. . . ,fk,. . . ,f,“,fip,. . . ,f$) E PX such that Cj”=, $ 2 dk, 
‘v’lc. Without loss of generality for commodity w, we assume Cy!r fy = d” + 1. Choose an r 
-- 
such that f,” > 0 and let E = (f,‘,j.j,... 
Cj”=, T = d”. Th’ 
,z) with F = f,” - 1 and z = f{ for others. Then, 
1s implies that we can find a flow vector which satisfies (4). I 
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PROOF OF LEMMA 3. Let X be a (d1,d2,. . . 
ZF 5 x (since zi = [ci=, &Fj c$fjkl 5 
, dP)-MP. For any F E Px which satisfies (4), 
xi, V,i) and ZF E fi (since F E Pz,). Hence, 
X = 2~7 as X is minimal in fi. I 
PROOF OF LEMMA 4. It is known that fimin C_ p C 52. We claim &in G Pmin. Suppose that 
X E Qnin but X $ Pmin; i.e., there exists a Y E Pmin such that Y < X. Then, Y E R which 
contradicts to the fact that X is minimal in R. Hence, X E Pmin. 
Conversely, we claim Pmin C G&in. Suppose that X E Pmin but X 4 &in; i.e., there exists 
a Y E &in such that Y < X. Then, Y E p which contradicts the fact that X E Pmin. Hence, 
&in = Pmin- I 
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